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Abstract. We present an explicit realization of abelian extensions of infinite 
dimensional Lie groups using abelian extensions of path groups, by generaliz- 
ing Mickelsson's approach to loop groups and the approach of Losev-Moore- 
Nekrasov-Shatashvili to current groups. We apply our method to coupled co- 
cycles on current Lie algebras and to Lichnerowicz cocycles on the Lie algebra 
of divergence free vector fields. 



1. Introduction 

In infinite dimensions Lie's third theorem is not valid: there exist Lie algebras 
which do not correspond to any Lie group. In particular given a connected infinite 
dimensional Lie group G, not every abelian Lie algebra extension o — > g — » g of its 
Lie algebra g comes from a Lie group extension of G. The obstructions determined 
in [15j involve the fundamental and the second homotopy groups of G. For instance 
if G is simply connected, the integrability condition for the Lie algebra extension 
described by the Lie algebra 2-cocycle id on g with values in the fl-module o, 
reduces to the discreteness of the period group II W C a of the cocycle ui. Under this 
assumption, for any discrete subgroup T of the space a G of G-invariant elements 
of a, containing the period group, there exists a corresponding abelian Lie group 
extension A — > G — > G of G by the G-module A — o/F. 

Much studied is the central extension of the loop group G = G°° (S 1 ,H) of a 
simple Lie group H . With a suitable multiple k of the Killing form of the Lie 
algebra f) of H, a Lie algebra 2-cocycle on the loop algebra g — G°°(5 1 , rj) is 



ui(X,Y) = 2 [ K(X,dY) 



s 1 

When the simple Lie group H is simply connected then G is also simply connected, 
and the period group is II U = Z, so u> is integrable. Explicit constructions of the 
corresponding central extension T — > G — > G of the loop group G by the circle 
T = R/Z can be found in Chapter 4 of p], in [11], [13], and in Chapter 4 of [12]. 

The approach in the book of Pressley-Segal [18] is very general: one considers a 
simply connected prequantizable manifold [M , il) (i.e. ft is a closed integral 2-form 
on M and there is a principal circle bundle P over M with a principal connection 
having curvature il), together with a G- action preserving £1 and one pulls back 
Kostant's prequantization central extension [7] to G by this action. More precisely 
the resulting extension G is the group of all fiber preserving diffcomorphisms of 
P which preserve the connection 1-form and cover an element of G. A concrete 
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description of the central extension of G obtained in this way, using paths in M, 
is given there. Central Lie group extensions associated to Hamiltonian actions on 
a prequantizable manifold (M, O) are considered in [17] . A generalization of this 
approach to abelian extensions is the subject of [21] . 

A second approach [11] and [12] is due to Mickelsson: the central extension of 
the loop group is explicitly realized as a quotient group of a central extension of 
the group of currents on the 2-disk D. The last central extension is given by the 
group 2-cocycle c(f,g) = J D S l f A K S r g, where <r and 8 r denote the left and right 
logarithmic derivative. This construction is generalized to central extensions of 
current groups on Riemann surfaces in [3] . The construction of central extensions of 
current groups on arbitrary compact manifolds 9 is due to Losev-Moore-Nekrasov- 
Shatashvili explicitly using the path group of the current group. 

In this paper we generalize this last approach, obtaining a path group method for 
the construction of abelian Lie group extensions. We consider a connected Lie group 
G and the exact sequence of Lie groups £loG — » PG — > G where G is the universal 
covering group, PG the path group and QoG its subgroup of null-homotopic loops. 
We also consider a 2-cocycle wong with values in the g-module a, having a discrete 
period group, and the discrete subgroup L D H u of a with A = a/L. An abelian 
Lie group extension of G by A integrating a x w g is obtained as the quotient of 
an abelian Lie group extension A» c PG, by the graph of a map A : floG — » A. 
The group cocycle c : PG x PG — > A, as well as the map A are explicitly given by 
formulas (Theorem [T]) . A geometric construction of abelian Lie group extensions 
using the path group is presented in [5]. We show that the two group extensions 
are isomorphic. 

Our method works well in concrete settings, in spite of the heaviness of the 
formula for c. In Section 4 we specialize to loop groups and current groups. Here a 
symmetrization procedure applied to c and A simplify considerably the result, thus 
recovering the constructions in [T2] and [5] ■ In Section 5 we treat the coupled cocycle 
on current Lie algebras defined by Neeb in [16] . Finally we use this construction in 
Section 6 to explicitly realize central extensions of the group of volume preserving 
diffcomorphisms integrating Lichnerowicz cocycles. 

Acknowledgements: I am grateful to Karl-Hermann Neeb for showing me a 
variant of Theorem [1] belonging to an extended version of [14] , for the coupled 
cocycle and for useful comments. 

2. The path group 

Let G be a Lie group, g its Lie algebra, a a smooth G-module (i.e. the action 
map p a : G x o — > o is smooth) and a the subspace of G- invariant elements. 
The continuous a-valued Lie algebra 2-cocycle ui on g defines a closed equivariant 
a- valued 2-form ui eq on G. This means p a {g) ° oJ eq = X*ui eq , X g denoting the left 
translation by g in G. The period homomorphism of the 2-cocycle u) is by definition 

per t ,:vr 2 (G)^a G , per w ([r]) = / r*^ q (1) 

for t : S 2 — > G a piecewise smooth representative of a free homotopy class (a 
spherical 2-cycle). The image II W C a G of per w is called the period group of w. 

We present van Est's method [2] for obtaining group 2-cocycles by integrating 
the closed 2-form u eq over suitable triangles. Let G be a simply connected Lie 
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group and {a g } g£ a a given family of smooth paths, a g : / = [0, 1] — > G from e to 
g. For each /, g £ G let S f t3 be a piecewise smooth 2-simplex in G with boundary 
fa g — at g + a/ and let C be the map 

C:GxG^a, C(f,g)= f w^. (2) 

Because Gf,g,h = f^g.h — ^fg,h + ^f,gh — ^f,g is a spherical 2-cycle in G for any 
f,g,h£ G, and because w e9 is equivariant, the map C satisfies the relation 

fC(g,h)-C(fg,h) + C(f,gh)-C(f,g)= f ^ eH.. (3) 

"' 6 '/,S,h 

If the period group 11^ of the Lie algebra 2-cocycle u> is discrete and r D II W 
is any discrete subgroup of the space a G of G- invariant elements, we denote the 
abelian Lie group and smooth G-module a/F by A and the quotient map by exp : 
a — > A. Then c = expoC : G x G — » A is a group 2-cocycle independent of the 
choice of the 2-cycles When the paths a g are carefully chosen [15], then c is 

smooth in an identity neighborhood and u> is the associated Lie algebra cocycle, i.e. 
d 2 c (e . e) {X, Y) - d 2 c (e , e) (y, X) = lu(X, Y) for all X,Y e g. 

Remark 1. Given a smoothly contractible Lie group G, each smooth retraction 
h : I x G ^ G of G to {e} provides a family of smooth paths {a g } from e to g 
by a s (s) = h(s,g),s £ /. Any continuous Lie algebra 2-cocycle ui € Z 2 (g,a) is 
integrable to a smooth a- valued van Est cocycle C on G given by ((2]), depending 
only on the retraction h. One can choose for instance E/ iS (s,t) = h(s, fh(t, g)), 
s,t e I. 

Let G be a connected Lie group with Lie algebra jj. The group of smooth paths 
in G starting at the identity, 

PG = {geC oc (I,G)\g(0)=e}, 

called the path group, is a smoothly contractible Lie group with Lie algebra 

Pg = {X eC°°(I, S )\X(0)=0}, 

the path Lie algebra. 

Each a-valued Lie algebra 2-cocycle ui on g defines an a-valued Lie algebra 2- 
cocycle Put — ev*w : (X, Y) i— > uj(X(1),Y(1)) on the path Lie algebra Pg, the 
evaluation map evi : Pg — > g being a Lie algebra homomorphism. Via the group 
homomorphism evi : PG — > G, the G-module a becomes a PG-module. With 
Remark Q] we can integrate to a smooth group 2-cocycle G on the contractible 
group PG. One can write down an explicit formula for this cocycle using the left 
logarithmic derivative 5 f 6 Pg for / 6 PG. 

Proposition 1. A smooth group 2-cocycle on the path group PG integrating the 
Lie algebra cocycle Puj is 

C(f,g) = J q (y% a (/(s)5(*))w(Ad( ff (t)- 1 )(5 i /(s),«5^W)^)^. (4) 

Proof. A smooth retraction of PG to e is obtained by reparametrisation of paths, 
namely h : I x PG — > PG, /i(s, (?)(£) = 3( s< ) f° r 5 e -P*-* anc i s,t € I. The system 
of paths {ctglgePG in PG defined by h is a g (s)(t) = g(st). It has the property 
a,fa g = cifg for all f,g£ PG, so we choose a particular 2-simplex S/ )fl in PG with 
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boundary fa g — a/ s + a/, namely S/ lff (s,t) = af(s)a g (st) for (s,<) € J X 7. The 
equivariant 2-form on PG defined by Fu is evluj eq and the van Est cocycle on PG 
integrating Puj is C(f,g) = J E ev^w 69 . 

The 2-simplex tjf g — ev! o £y ;g on G is given by af g (s,t) = f(s)g(st) for 
(s, t) £ I x I, hence 

G(/, g) = [ gj*« = [ [ uj e "(f(s)g(st) + tf(s)g(st),sf(s)g(st))dtds 
Jo Jo 

p a (f(s)g(st))u;(Ad{g{st)- 1 )S l f(s) + tS l g(st), sS l g{st))dtds 



JO 

1 



Pa (f(s)g(t) MAdigity^fis), 5 l g{t))dt) ds, 

using the G-equivariance of uj eq at step 3 and a change of variable at step 4. □ 

Remark 2. Another group cocycle on PG integrating the Lie algebra 2-cocycle Puj 
is C'(f, g) — —C(g^ 1 , J" 1 ). It can be seen as the van Est cocycle associated to the 
system of paths {6 ff } ff6 pc, b g (s) = ga g (l — s) . From Q we obtain in particular 



p a (g(t)- 1 f( S r 1 )oj(Ad(f(tWg(s),6 r f(t))dt)ds. (5) 



By the symmetrization procedure 

C sym (/,<?) = \{C{f,g)+C'<J,g)) = \{C{f,g) - C{g-\f^)) (6) 

we get a new group cocycle G sym on PG integrating Puj and having the property 
Csym(3 ;/ 1 ) = — G sym (/, g). 

Remark 3. When a is a trivial G- module and uj l the left invariant 2-form on G 
defined by uj € Z 2 (g, a), then a formula for the van Est group 2-cocycle C on PG 
integrating Puj is 

C(f,g)= [ uj l = [ ( [ S ujiAdigity^fisl^giwAds. (7) 

JcTf.g JO ^JO ' 

Remark 4. Given a continuous Lie algebra p-cocycle w on j with values in the 
smooth G-module a, a group p-cocycle C on PG integrating Puj is 

C( gi ,...,g p ) = (J ■■■{jj p a {gi(ti).-.g P (tp))-uj{Ad{g 2 (t 2 )g 3 {t 3 )... 
gpitp^S'giih), Ad(g 3 {t 3 ) . . . g p {t p )y l 5 l g 2 {t 2 ) 1 
Ad(g p (t p )y 1 S l g p ^ 1 (t p ^ 1 ),5 l g p {t p ))dt p s j . ..dt-Adtx, 
obtained by integrating the closed equivariant p-form uj eq on G over the p-simplex 



IT 



(ii, . . . ,t p ) 6 I p h-> gi{ti)g 2 (tit 2 ) . . .g p {tit 2 . ..t p ). 



3. Construction of abelian Lie group extensions via path groups 

Let uj be an a- valued Lie algebra 2-cocycle on the Lie algebra g of the connected 
Lie group G. We assume that its period group W u C a G is discrete and L D n w is 
a discrete subgroup of o G , and we denote by exp : o — > A = a/T the quotient map. 
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The smooth G-action p a on a descends to a smooth G-action pa on A, because 
r c a G . 

In this section we explicitly realize an abelian extension of the universal covering 
group G of G by the abelian Lie group A. It is done by factorising an abelian 
extension of the path group PG (defined with a van Est cocycle) by the graph of a 
smooth map. 

The subgroup £1G C PG of loops based at e has a subgroup VIqG C £!G of null- 
homotopic loops based at e. Both have as Lie algebra the Lie algebra Slg of loops 
in g based at 0, moreover flgG is the identity component of flG. The following two 
sequences of Lie groups are exact: 

flG > PG > G 

1 II 1 

n a G > PG ► G 

and have the same exact sequence of Lie algebras fig — » Pg — » g. 

Let G : PG x PG — » a be the van Est 2-cocycle Q integrating the Lie algebra 
2-cocycle Put on Pg. The cocycle c = exp oG : PG x PG — > A is given by 

c(f,g) = exp / ^ = exp \ ( p a (f(s)g(t))u,(Ad(g(t)- 1 )8 l f(s), 6 l g(t))dt)ds, 

JOfg JO ' 

(8) 

where cr/ )9 (s, t) = f(s)g(st), s,( £ J for /. g G PG, The Lie algebra cocycle Pw 
vanishes on f2g. The next proposition will show that the restriction of the group 
cocycle c to floG is a coboundary (both a and A are trivial f2oG- modules). 
We consider the smooth map 

A:r2^G^a, A([g}) = - j oj e \ (9) 

J 9 

viewing the path g from e to g in QqG as a map g : I x I ^ G. It is well defined 
since the integral of the closed 2-form w ei? over two nomotopic paths in f2oG (hence 
homotopic maps from / x / to G) is the same. 

Remark 5. Identifying TT2(G) with 7Ti(f2oG) C fioG, the restriction of A to 7Ti(f2oG) 
equals — per w , the opposite of the period map (JTJ) . Indeed, a loop at e of loops in 
G determines a spherical 2-cycle in G. In particular the map A is well defined on 
f2 G when considered modulo 11^, hence it descends to a well defined map 

\-.n Q G^A, X(g) = (exp fyY 1 , (10) 

J g 

i.e. \{g) does not depend on the chosen path g in tt G from e to g. 
Proposition 2. The identity 

c(/,5) = A(/ 5 )A(/)- 1 A( 5 )- 1 (11) 
/loZcfe for all f, g £ f2oG. Pi particular c restricted to fioG is t/ie coboundary of A -1 . 
Proof. Let / and be paths in f2 G with / = /(l) and g = ff(l). The 2-chains 
o"/,« ■ I x- 1 G, o-f, g {s,t) = f{s)g{st) 
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and / + g — fg have the same boundary / + g — fg, so they determine a spherical 
2-cycle r/. g = cr/ lS — / — g + fg in G. Hence the van Est cocycle C(f, g) — / uj eq 
on PG satisfies 

C{f,g)+A{[f])+A{[g])-A{[fg]) = f W e 'en u cr. (12) 

The projection of this relation to A gives the requested identity. □ 

Remark 6. The stronger relation 

C(f,g) + A([f]) + A([g])-A([fg}) = 0, f,gtn G (13) 

also holds, because there always exists a bordism from the 2-cycle Tf i9 to e given 
by (r,t, s) £ I X I X I h-> /(r, s)g(r, si) - /(rt, s) - g{rs, t) + f(rt, s)g(rt, s) G G, 
for / and g paths in O G. Still the o-valued van Est cocycle C restricted to fi G 
is not a coboundary in general: A does not descend to a well defined a-valued map 
on VLqG. Anyway, following 3J, if (fl3|) is satisfied we say that the map A resolves 
the 2-cocycle G. 

Remark 7. The cocycles C and G sym defined in Remark [5] also posess resolving 
maps. The map 

A'([g\) = -ACr 1 ]) = / ^ (14) 

resolves the cocycle C and A sym = i(A+A') resolves the cocycle G sym . In particular 
we have that A sym ([5] _1 ) = -A sym ([g}). 

Lemma 1. Let H be a normal split Lie subgroup of the Lie group G and A a 
smooth G-module, trivial as an H -module. Let c be an A-valued group 2-cocycle on 
the group G whose restriction to H is the coboundary of A -1 for a given smooth 
map X : H — > A. When one of the following two equivalent conditions: 

(i) cig^^ighg-^g)- 1 = (p A {g)X(h)~ 1 )\(ghg~ 1 ) for all g £ G and h E H 

(ii) the graph of X is a normal subgroup of A x c G 

is satisfied, then the quotient group (Ax e G)/Graph(A) is an abelian Lie group 
extension of G/H by A. 

Proof. The graph of A coincides with the image of the map if : h G H i— > (X(h), h) G 
A xi c G. Because c is the coboundary of A: 

c(h!,h 2 ) = A(/ii/i 2 )A(/ii)" 1 A(/i 2 ) _1 for all h u h 2 G H, (15) 

ip is a group homomorphism. This follows from 

ip(hi)tp(h 2 ) = (X{hi)X{h2)c{hi,h 2 ), hih 2 ) = tp(hih 2 ). 

Hence the graph of A is a subgroup of A x c G. 

Let g G G and h G H. The conjugate in A x c G of the element (X(h),h) G 
Graph(A) is (see for instance Lemma 2.1 in [TS]) 

(a,g)(X(h),h)(a,gy 1 = ((p A (g)X(h))c(g, h)c{ghg~ l , g)^ 1 , ghg^ 1 ). 

It belongs to the graph of A, i.e. it equals (Xighg^ 1 ), ghg^ 1 ), if and only if the 
identity (i) holds. 

The kernel of the projection homomorphism (a, g) G (Axi c G)/Graph(A) i— > gH G 
G/H is isomorphic to A, hence (A» c G)/Graph(A) is an abelian group extension 
of G/H by A, for the natural G/TJ-module structure on A. It is a Lie group since 
Graph(A) is a split Lie subgroup of A x\ c G, H being a split Lie subgroup of G. □ 
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Theorem 1. Let G be a connected Lie group, a a smooth G -module and lu £ 
Z 2 (q,o) a continuous Lie algebra 2-cocycle with discrete period group Let 
r 3 LT W be a discrete subgroup of a G , exp : a — > A = a/T the quotient map and c 
the cocycle defined in I5p. 

Then the graph of the smooth map A defined in A10\) is a normal subgroup of Ax c 
PG and the quotient group (A x c PG) /Graph(A) is an abelian Lie group extension 
of the universal covering group G by A, integrating the Lie algebra extension a x w g. 

Proof. To apply Lemma [T] to the normal split Lie subgroup CIqG of PG, we verify 
relation (i) for the A- valued 2-cocycle c on PG and the map A : floG — > A. 

The boundary of the 2-chain af t9 for f,g 6 PG is f(l)g — fg + f and the 
boundary of the 2-chain / for / £ SloG is /. Let g e PG and h S SloG with ft, 
a path in £IqG from e to /i. The 2-chains Cghg- 1 ^ — <7 gj /j and ghg" 1 — giX)h in G 
have the same boundary, namely ghg^ 1 — g(l)h. Integrating u) eq over the spherical 
2-cycle v g ^ — o~ g hg-^,g ~ °~g,h — 9^g~ x +g(l)h and using the G-equivariance of to eq 
we obtain 

C(ghg-\g) - C(g, h) + A^ghg- 1 ) ~ p A (g(l))A(h) = [ ui eq 6 Il w C L. 

The projection of this identity to A gives (i), showing that the graph of A is a 
normal subgroup of A x c PG. 

The abelian Lie group extension Ax c PG of PG integrates Pui = ev|cj, hence 
the quotient group (A x c PG)/Graph(A) is an abelian Lie group extension of the 
universal covering group G = PG/QqG integrating to. □ 



The rows and the last column of the following diagram are exact sequences of 
Lie groups 

A ► (ix c PG)/Graph(A) > G 



A > Ax c PG > PG 



A ► Ax c Sl G > Q, G. 

Remark 8. There is a geometric construction of an abelian extension of G using the 
path group PG presented in [5]. One considers the following equivalence relation 
on A x c PG, where c is given by © : 

(oi)5i) ~ (02,32) .9i(l) = 32(f), 5i -.92 = 9cr,a 2 = 01 exp / w e<? , (16) 

the second condition on the right meaning that a is any 2-chain in G having as 
boundary the loop g\ — 92. Then (A x c PG)/ ~ is an abelian extension of G 
integrating w. We show it is isomorphic to the abelian extension in Theorem [T] 

A pair (a,g) is equivalent to the identity element if and only if (a,g) belongs to 
Graph(A). Moreover, two pairs (<zi, gi) and (02, 32) are equivalent if and only if the 
composition {a\, gi)~ 1 (a 2 , 32) taken in A x c PG belongs to Graph(A). Indeed, for 
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h 6 QqG and h a path from e to h in QqG, 

(ai,5i)(A(h,),/i) = (ai(exp / w e9 ) exp / w e9 ,s<i/i) 

V V Jgi(l)h ' Ja gi , h ' 

= (aiexp ( / w e<z ), 5l /i), 

so (dx, gi)(\(h),h) = (02,32) if and only if g 2 = g\h and a 2 = ai exp j a uj eq , where 
<7 is any 2-cycle in G such that da — d(a gii h — ffi(l)^) = 3i — = 9i — .92- 
Hence the abelian extension (A x c PG)/Graph(A) from Theorem [T] and the abelian 
extension (Ax c PG)/ ^ are isomorphic. 

4. Current groups 

Let M be a compact manifold and ff a finite dimensional connected Lie group 
with Lie algebra f). The current group C°°{M,H) with pointwise multiplication is 
a Lie group with Lie algebra the current algebra g = C° C (M, t)) (as in [8] Section 
42). By G we denote the identity component C°° (M, H) of the current group. 

We consider an invariant symmetric bilinear form 

K : f) X f) — * V. 

Defining a = 57 1 (Af, V)/dC°°(M, V), there is a continuous Lie algebra 2-cocycle on 
the current algebra, 

wigxg^a, w(X, Y) = [k(X, dY) - k(Y, dX)] = 2[k(X, dY)]. (17) 

In the loop group case M = S 1 the space a can be identified with V, so the cocycle 
on the loop algebra g = C co (S 1 , h) can be taken as 

uj-.qxq^V, uj(X, Y) = 2 k(X, dY). (18) 

Js 1 

Remark 9. When H is simply connected and simple, the loop group G is simply 
connected. If n : f) x f) — > R is the suitably normalized Killing form, V — R and 
the period group is Ii u = Z C R. In Chapter 4 of [T2] is presented the construction 
of the central extension of G by the circle T = R/Z, integrating u>. It is explicitly 
realized as a quotient group of the central extension of the group of currents on the 
2-disk D given by the group 2-cocycle c(f,g) = J D S l f A K S r g. 

The generalization of this result to current groups can be found in [9 . The 
bilinear form k is a multiple of the Killing form of the simple Lie algebra f), and the 
space a is ft 1 (M) j dC°° (M) . When k is suitably normalized, then the period group 
is the discrete subgroup IT, = Z^(M) / dC°° (M) of a consisting of all cohomology 
classes with integral periods. The central extension of the universal covering group 
G by A = a/ILj = ft 1 (M) / Z^(M) integrating u> is constructed in [9] as a quotient 
group of the central extension of the path group of G given by the group cocycle 
c (/j 9) — [J j ^ l f^K, $ r g] i f^g '■ I x M — > H . Adapting this construction one gets also 
the central extension of the gauge group of automorphisms of a nontrivial vector 
bundle [9]. 

Remark 10. The period group of u> is not always discrete; an example with non- 
discrete period group can be found in Remark 11.10 [10]. The reduction theorem 
1.6 |10j shows that given a ^-valued invariant symmetric form re, the discreteness 
of the period group for M = S 1 implies the discreteness of the period group for any 
compact manifold M. 



THE PATH GROUP CONSTRUCTION 



9 



Remark 11. Considering the natural action of f) on the symmetric power S 2 (t)) 
induced by the adjoint action, the quotient space V(f)) = 5 2 (f))/(f) • S 2 (t))) comes 
with a universal invariant symmetric bilinear form Kjj : f) x f) — > V(fy). For any 
invariant symmetric bilinear form k on f) with values in V, there is a unique 
linear map (p : V(f)) — * such that k = tp o kj,. The continuous Lie alge- 
bra 2-cocycle Y) = 2[/if,(A, c2Y)] on the current algebra with values in 
fi 1 (M, V(if))/dC°°(M, V(f))) has a discrete period group II W contained in the sub- 
space Hi R {M,vm. ma. 

Assuming the period group il w C a of the continuous Lie algebra 2-cocycle (|T7|) 
is discrete, we apply Theorem [1] to the identity component of the current group to 
explicitly realize a central extension of its universal covering group integrating u). 

The path group of G = C°°(M, H) and the path Lie algebra of g = C°°(M, f)) 
are (by g] Section 42): 

PG = {g G C°°(I x Af,i7)|.g(0,x) = e,Vx G M} = PC°°{M,H) 

Pg = {X e C°°(I x M,t))\X(0,x) = 0,Vx G Af}, 

because the path group of a Lie group coincides with the path group of its identity 
component. Denoting by d x X the exterior differential of X on M and by 8 l x g the 
logarithmic derivative of g on M (viewing t G I as a parameter), we get 



dX A K dY = dth {k(^X, d x Y) - K (d x X, jY)) 



X A K d x Y. 



An expression for the pullback 2-cocycle Puj — ev\oj on Pg is in this case 



Pw(X,Y) = 2 



^-n(X,d x Y)dt 
dt 



= 2 



dX A« dY 



A 2-cocycle on the path group PG integrating Puj can be obtained from (O using 
the invariance of k, formulas from the appendix and the fact that S l x g(0, x) = for 
g G PG and x G M by the following computation: 



IA71 



IP 2 



( 



[«(Ac%(i, jc) ^iojtfis, x), d x i dt S l g{t, x))]dtj 

[ K (i da S l f(s, x), Ad(g(t, x)){j t 8 l x g{t, x) 

+ [i dt S l g{t,x)),5 l x g{t,x)]))di)ds 
d 



ds 



K(i d J l f(s ) x),-(Ad(g(t,x))8 l x g(t,x)) 



[«(*a. ^/(s, sc), Ad(g>(s, x))(5^(s, x)]ds 



<ii ds 



HidJ l f,S r x g)}ds. 



The group fioG of null-homotopic loops in the current group G can be identified 
with the space of those smooth maps g G C°°(I x M, _ff) with g(0, ■) = g(l, •) = e 
for which there exists a smooth homotopy (s,t, x) E/x/xMh g(s,t,x) G if 
with y(0, •, •) = e, g(l, ■,■) = 9 an d <?('> 0; ') = <?('> 1) = e - The homotopy class of 5 
is identified with an element of iloG. The resolving map for the cocycle C defined 
on QqG is: 



A([sD 



(9. 



Jo 



K (*a s "9 > dig t 5 l g)dsdt 
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These are not yet the type of expressions expected from [12] and [9]. To get 
them, we will apply the symmetrization procedure from Remark [2] A 2-cocycle on 
the path group of the current group G, integrating Pu is 



[K(i d J r g,5 l J)]ds= 6 l fA K 6 r g 



Csy 1 Af,9) = ^(C(f,9)-C(g-\f- 1 )) 



MidJ l f,5x9)]ds 



obtained by fiber integrating the 2-form S l fA K S r g G fi 2 (7 x M, V). At the last step 
we used the identity S l f A K S r g = dt A (n(i dt 5 l f, 8 r x g) - K(i dt S r g, 5 l x f)) + S l x f A K S x g 
obtained from the relation S l f = (i dt 5 l f)dt + 6 l x f G fl 1 (M x /, f)). 

We define r, = \0 l A K (9 l Ay B l ) G n 3 (H,V), where 9 l G SI 1 (i/, ()) is the left 
Maurer-Cartan form. Like the Cartan 3-form on a simple Lie group, 77 is a closed 
biinvariant 3-form and r)(X,Y,Z) = k(X,[Y,Z]) for X,Y,Z G f). The resolving 
map for the cocycle C sym is 

{Hi 



A. 



symiM) = 2 A ([5]) 



^0 



Txl 



K(Ad(g)io s S l g, dAd(g)ig t 5 l g)dsdt 

K(.idJ l g, [iaj l g, S l g])dsdt 
S l g A K (S l g Ay 5 l gj\ = - \ [ g*v 



Ixl 



for the homotopy g : I X I x M — > H . 

This gives a constructive proof for the following slight generalization of the result 
from [9j mentioned in Remark [9l 

Theorem 2. Assuming the period group II W C of the continuous Lie algebra 
2-cocycle {lty is discrete, let T C a be a discrete set containing Yl u and exp : — > 
A = a/L. The A-valued group cocycle c sym = exp oC svm on PG, 



-sym 



(/, 9) = CX P 



exp oC sym 
S l f A K S r g 



integrates the Lie algebra cocycle Plu. The restriction o/c sym to QqG is the cobound- 
ary of the inverse of A sym = expoA sym : QqG — > A, 

-1 



A 



sym 



(<?) = ( 



exp 



9 V 



Ixl 



The quotient group (A x Csym PG)/Graph(A sym ) is an abelian Lie group extension 
of the universal covering group G of the current group G by A, integrating u). 

Remark 12. We apply this theorem to the special case treated in [9], where n is a 
multiple of the Killing form of the simple Lie algebra fj, so 77 is a multiple of the 
Cartan 3-form, the constant factor being chosen such that r\ is integral. From the 
relation ILj = A sym (7Ti (SloG)) in Remark \S\ applied to A sym ([<?]) = — Jjx/ff*?? 

follows that the period group II W = Z%(M) / dC°° (M) , as mentioned in Remark [5J 
Denoting by m : H x H — > H the group multiplication and by pr 1 , pr 2 : H x H — » 
H the canonical projections, the Polyakov-Wiegmann formula is 

m*r) = pr*?7 + pr^ry — ^(pr*^' A K pr^O 7 ). 
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Integrating the pullback of the Polyakov-Wiegmann formula by the map : 
IxIxM—>HxH over 7x7, provides another proof that A sym resolves C sym . 

5. Coupled cocycle 

The coupled cocycle on the current Lie algebra g = C°°(M, F)) was defined in 
[16j . It is built with a continuous invariant symmetric bilinear form n : [) x t) — > V 
whose image under the Cartan map 

r : s 2 (f),y)" -> z a (fj,n r(K)(x,y,z) = k([*,y],-Z) 

is a coboundary, i.e. there is a 2-cochain (3 G C 2 (t), V) such that 

r(«) = d 6 /?. (19) 

The corresponding coupled cocycle is 

w ■. x g -» n^M, v), w(x,y) = «;(jr,dy) - K(y,<zx) -d(^(x,y)), 

a Lie algebra 2-cocycle on g with values in the trivial module r2 1 (M, V). 

In [TB] it is shown that the period map per w : 7r 2 (G) — > fi 1 (M, V) of the coupled 
cocycle vanishes for G = C°°(M, 7T)q. Hence there exists a central extension of G 
by 1 (M, V) integrating uj. We explicitly realize this Lie group extension with the 
path group method. 

Remark 13. The coupled cocycle is a lift to f2 x (M, V) of the cocycle 

gxg^ n 1 (M,7)/C ,00 (M,F) = a, (X,Y) ^ 2[n(X,dY)} 

studied in the previous section. In this special case when T(k) is exact, i.e. a 
coboundary in B 3 (t), V), the period map of this o- valued cocycle also vanishes. 

The pullback cocycle Poj on Pg of the coupled cocycle ui integrates to a group 
cocycle on the path group PG because the path group is contractible. A computa- 
tion starting from , similar to the one in the previous section, together with the 
symmetrization procedure, gives the f2 1 (M, y)-valued cocycle C sym on PG as the 
sum of two cocycles, one has values in the subspace of exact T^-valued 1-forms on 
M, the other one is (/, g) i— > J 5 l f A K 5 r g. 

More precisely, for f,g£ PG we define 

m(s, t) = K (S r t g(t, •)) 6 G°°(A7, V) (20) 

and 

C {f,g)=J ( jT" ^(AdCffC*. O" 1 )^^*, •)» •))*) (21) 

C/3 is not a group cocycle in general, nevertheless we consider its symmetrized 
version Cp^ym as in ([6]). Then, by a computation which can be found in the 
appendix, 

C(J,g) = 2j K (S r x g( S: -),S l J( s ,-))ds - d x (c (f : g) + J J m(s,t)dtds), (22) 
so 

C STm {f,g) = J^ l f A„<Tg - d x (Cp, sym (f,g) + ~ J J (m(s,t) - m(t, s))dids). 
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Let g : I x M — » H in fioG and g G C°°{I X I X M,H) any homotopy with 
<?(0, •, •) = e, <?(1, •, •) = g and <?(•,(), •) = <?(•, 1, •) = e. The computation of the 
associated resolving map A presented in the appendix gives 



1 r i 
i 



A([ff])= / K (S l x g,S l t g)dt+ I p(5 x g,5 l t g)dt. (23) 

It follows that 



i ! ,i 



A S ym([5]) = i / /3fe «tff)* - § / ^5)* = A sym (g), 







is a map depending only on the endpoint g of the homotopy class [g). Hence the 
map A sym descends to fioG and II W = A sym (7ri(f2oG)) = 0, this giving another 
proof that the period group of the coupled cocycle u> vanishes. The restriction of 
G sym to the subgroup ttoG of null-homotopic loops based at e is the coboundary of 
-A sym :n G^n\M,V). 

Theorem 3. The quotient group (ri 1 (M, V) Xc syo PG)/Graph(A sym ) is a central 
extension of the universal cover G of the current group by Q}(M, V), integrating 
the coupled cocycle lu. Here the group cocycle G sym on PG is 

G sym (/, g) = j S l f A K S r g - d x (c , aym (f, g) + \J J (m(«, t) - m(t, s))dtds) 

for m and Cp given by &20\) and H21\) , and the smooth map A sym : £IqG — > Cl (M, V) 
is 

K m (9) = \J Q (3(S l x g,S l t g)dt-±^ , 



P(S r x g,S r t g)dt. 



6. The group of volume preserving diffeomorphisms 

On the compact manifold M we consider an integral volume form fi. Let 
G = Diff M (M)o be the connected component of the group of volume preserv- 
ing diffeomorphisms and g — X M (M) its Lie algebra, the Lie algebra of diver- 
gence free vector fields [8] Section 43. Its subgroup, the group of exact vol- 
ume preserving diffeomorphisms, is a Lie group with Lie algebra {X G X(M) : 
ixLi is an exact differential form}, kernel of a flux homomorphism pQ. 

Given r\ a closed integral 2-form on M, the Lichnerowicz cocycle 

w : x -> E, w(X, Y)= [ 7](X, Y)fi 

J M 

is a Lie algebra 2-cocycle on the Lie algebra of divergence free vector fields. Indeed, 
by the closedness of rj, 

]T / t 1 ([x 1 ,x 2 },x s )^ = J2lxMX2,x s ))^ = o. 

, J M , 

cycl cycl 

The Lichnerowicz cocycle integrates to a central Lie group extension of the sub- 
group of exact volume preserving diffeomorphisms [B] [!]■ It integrates also to a 
central Lie group extension of the universal cover G of the group of volume pre- 
serving diffeomorphisms: the existence is proved in [15] and a construction with 
Kostant's prequantization central extension is given in 20 1. In this section we use 
the method of Section 3 to explicitly realize this central Lie group extension. 
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Because rj is integral, there exists a principal circle bundle q : (P, 9) — > (M , rj) 
with connection 1-form 9 and curvature 2-form 77, so that q*r] = dO. There is 
a natural volume form on P determined by \i and 9, namely /j = 9 A q*fi. It 
has the property that for any / G C°°(M), J p (q*f)jl = J M f^- Cosidering the 
principal T-action on P, each T-invariant divergence free vector field in 3^(P) T 
projects to a divergence free vector field in X M (M). Every vector field X G X(M) 
has a horizontal lift to P, denoted by X hor , uniquely defined by 9(X hor ) = and 
q*X hor = X. Moreover, if X is divergence free w.r.t. fi, then X hor is divergence 
free w.r.t. /2, hence the horizontal lift provides a section of the abelian Lie algebra 
extension 

—> C°°(M) — ► X^(P) T — > X^(M) —> 0. (24) 

Let j be a volume preserving diffeotopy of M starting at the identity. One can 
lift it to the volume preserving diffeotopy g hor of P, starting at the identity and 
defined by 

8 r (g hor ) = (5 r g) hor . (25) 

The diffeotopy g hor consists of T-equivariant diffeomorphisms of P. For X £ X M (M) 
and t G / the vector field g hor (t)*X hor on P descends to the vector field 
but is not necesarily horizontal. The failure of horizontality is measured by 

g hor (t)*X hor - (g{t)*X) hor = q49(g hor (t)*X hor )) G C°°(M). 

Here the T-equivariance of g hor (t) together with the T-invariance of X hor assure 
that 9(g hor (s)* X hor ) is the pullback of a function on M, function denoted by 
q*{9(g hor (t)* X hor )) . The computation of a group 2-cocycle C on PG integrating 
Pui, using the formula (O, gives C as the integral over M of an expression of this 
type. 

Indeed, using the fact that the adjoint action in Diff(M) is Ad(g)X = (g^yx = 
Tgo X o g^ 1 in the first step, the relation 8 l g = Ad(g~ 1 )5 r g = g*S r g following from 
(|A1[) in the second step, and the fact that the horizontal lift of a divergence free 
vector field is again divergence free in step 4, we get. 

<?(/,<?)= f fil v(9(tyS l f( S ),S l g(tj)n)dtd S 
Jo Jo x Jm ' 

= [ [ S ( [ (g(t)- u r,)(S l f(s),S r g(t)h)dtds 
Jo Jo x Jm ' 

= Jo Jo ( / p ( rf 3 /lor W" 1 ^)(^/(5)' lo '^ r 5W' lor )A)^ 
= J J* [J p 9{g hor {tyL Sra{t)ho ,5 l f(s) ho ^ji)dtd S 

^ f o [ (j p e(j t (g h ^(trs i f(s) h n)fi)dtds 

= [ ( I q,(9(9 hor (syS l f(s) hor ))^)d S . 
Jo y JM ' 

Let g G floG be the homotopy class of a path in QqG viewed as a map g : I xl — » 
G and g : I x I x M — > M, g(s, t, x) = g(s, t)(x). Let p : I x I x M — » M denote 
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the projection on the third factor. The resolving map for G is 

A([g\) i - [u<* = - [ f ( f viioMiaJg^dsdt 

Jg JO JO K JM ' 

( V M atS igid s Vglj)dsdt = - / p*r)Ag*fJ,. 



Af ' JlxIxM 

Remark 14. The restriction of A to 7r 2 (G) = 7r 1 (51 G') C iloG is minus the period 
map of u) by Remark [5] One can now easily see that the period group of u> is 
discrete. Each piecewise smooth representative r : S 2 — > G of a class [r] 6 ^(G) 
defines a map f : S 2 x M — > M. Then per w ([r]) = -A([r]) = f S 2 xM P*V Af*fi G Z, 
because both n and /i are integral forms on M. Hence the period group IT, is 
contained in Z. 

Let exp :R^T = M/Z, c — expoC and A = expo A. The construction of 
Theorem [T] yields a central extension integrating the Lichnerowicz cocycle: 

Theorem 4. The quotient group (T x c PG)/Graph(A) is a central extension of 
the universal covering group G of G = Diff^(A/)o by the circle T, integrating the 
Lichnerowicz cocycle lo(X, Y) = J M t](X, Y)fi defined with the closed integral 2-form 
n on M . Here the group cocycle c : PG x PG — > T is 

c(f,g) = exp / ( f q*(9(g h ° r (tyS l f(t) h ° r ))n)dt, 
Jo k Jm ' 

and the smooth map X : f2oG — > T is 

x (g) = (exp / p*T]Ag*(j) . 

K JlxIxM ' 

If M is 2-dimensional, then fi can be viewed as a symplectic form and g = X^(M) 
as the Lie algebra of symplectic vector fields. The kernel of the infinitesimal flux 
homomorphism flux^ : X e X^(A1) i— > [ix[A S H^ R (M) is the Lie algebra of 
Hamiltonian vector fields. The Lie algebra cohomology class [u] 6 H 2 (q) of the 
Lichnerowicz cocycle is the pullback by flux M of a multiple of the skew-symmetric 
pairing (a, b) i— > J M a A b on H\ R (M). This is a consequence of the fact that u> is 
cohomologous to a multiple of the 2-cocycle (X,Y) i— > J fj,(X,Y)fj, on g, whose 
restriction to the Lie algebra of Hamiltonian vector fields is trivial. 

For an arbitrary compact symplectic manifold M, Lie algebra 2-cocycles on the 
Lie algebra of Hamiltonian vector fields, having non-zero cohomology classes, are 
associated to closed 1-forms on M [19]. It seems that this path method does not 
work for them. 

Appendix: Logarithmic derivatives 

Let G be a Lie group with Lie algebra g. The left logarithmic derivative of a 
smooth map g : M — > G is the 1-form S l g G f2 1 (M, g), S l g(X x ) = g(x)~ 1 T x g.X x for 
any X x S T^M. It is the pull-back of the left Maurer-Cartan form 6 l G fi 1 (G,fl) 
by the map g. When M = I = [0, 1], we identify the left logarithic derivative of a 
smooth curve g : I — > G with the curve id t 8 l g(t) = g(t) _1 g(<), usually also denoted 
by 5 l g:I~^ q. 

The right logarithmic derivative is defined similarly and 

S r g = Ad(g)S l g = -S l (g- 1 ). (Al) 
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For /, g : M — > G, £ : M — > g smooth maps and <I> : G — > H a Lie group 
homomorphism with derivative tp : q — > f), the following formulae hold: 

^(/5)=^(ff) + Ad( 5 )-V(/) 
1 







(A2) 
(A3) 
(A4) 
(A5) 



dAd( 9 )C = Ad( 5 )[^ + ad(^)e] 
^($05) =ipoS l g, 
The right Maurer-Cartan equation (|A3|) applied to X, Y 6 X(M) becomes 

(^)(X,Y) = [^(F)y 9 (X)]. (A6) 
For g : I x M G, X e X(M) and F = <9 t it implies 



(A7) 



Here ^ and denote the logarithmic derivative and the differential on M consid- 
ering t g / as a parameter, and = ig t 5 l g. 
From lTA"4l) and (IAT1) follows that 



—5 r x g = kd{g)d x 8[g. 



(A8) 



The right logarithmic derivative satisfies the left Maurer-Cartan equation, so the 
analogue of (|A7|) for the right logarithmic derivative is 

d 



d x (8lg) = -6 r x g-[S r t g,S r x g] 
and from (|A4|) follows 

ckAdGT 1 ^ = AdO/- 1 )^ ~ [SUAdig- 1 )^}. 



(A9) 
(A10) 
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